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7 The Relations between Volume Ratios and
New Concepts of GL Constants
Y. Gordon∗ M. Junge N.J. Nielsen†
Abstract
In this paper we investigate a property named GL(p, q) which is closely related
to the Gordon-Lewis property. Our results on GL(p, q) are then used to estimate
volume ratios relative to ℓp, 1 < p ≤ ∞, of unconditional direct sums of Banach
spaces.
Introduction
In this paper we investigate a property named GL(p, q), 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞,
closely related to the Gordon-Lewis property GL, and the behavior of p-summing norms of
operators defined on direct sums of Banach spaces in the sense of an unconditional basis.
These results are then used to estimate the volume ratios vr(X, ℓp), 1 < p ≤ ∞, where X
is a finite direct sum of finite dimensional spaces.
A Banach space is said to have GL(p, q), 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞, if there is a constant
C so that iq(T ) ≤ Cπp(T ∗) for every finite rank operator T from an arbitrary Banach space
to X . Here πp denotes the p-summing norm and iq the q-integral norm. This property was
also considered by Reisner [27], note however the slight difference in the notation: Our
GL(p, q) corresponds to his q′, p′-GL-space.
We now wish to discuss the arrangement and contents of this paper in greater detail.
In Section 1 of the paper we investigate the basic properties of GL(p, q) and prove
some inequalities for p-summing operators, respectively q-integral operators, defined on,
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respectively with range in, a direct sum of Banach spaces in the sense of an unconditional
basis. These inequalities are then used to prove that if (Xn) is a sequence of Banach
spaces with uniformly bounded GL(p, q)-constants and X is the direct sum of the Xn’s in
the sense of a p-convex and q-concave unconditional basis, then X has GL(p, q) as well.
More generally we obtain that if Y is a Banach space with GL(p, q) and L is a p-convex
and q-concave Banach lattice, then L(Y ) has GL(p, q). Kp(L) and Kq(L) denote the
p-convexity and q-concavity constants of L respectively.
In Section 2 we combine the results of Section 1 with those of [6] to obtain some
estimates of volume ratios. One of our results, Theorem 2.5, has the following geometric
consequence: Let L be a p-convex and q-concave Banach lattice having an n-dimensional
Banach space Y = (Rn, ‖ · ‖) as an isometric quotient. Let 1 ≤ p, q ≤ ∞, 1
p
+ 1
p′
= 1, then
there are n- dimensional linear quotients Vp and Vq of Bℓp and Bℓq respectively, so that
Vq ⊆ BY ⊆ Vp for which
( |Vp|
|Vq|
) 1
n ≤ c
√
p′ glp,q(L) ≤ c
√
p′ Kp(L)Kq(L).
If X is a finite direct sum of nk-dimensional Banach spaces Xk, 1 ≤ k ≤ m in the sense
of a finite 1-unconditional basis, then we prove that
( m∏
k=1
vr(Xk, ℓp)
nk
)1/n ≈ vr(X, ℓp)
for 1 < p ≤ ∞, where n = ∑mk=1 nk.
0 Notation and Preliminaries
In this paper we shall use the notation and terminology commonly used in Banach space
theory as it appears in [17], [18] [26] and [31].
If X and Y are Banach spaces, B(X, Y ) (B(X) = B(X,X)) denotes the space of
bounded linear operators from X to Y and throughout the paper we shall identify the
tensor product X ⊗ Y with the space of ω∗-continuous finite rank operators from X∗ to
Y in the canonical manner. Further if 1 ≤ p < ∞ we let Πp(X, Y ) denote the space
of p-summing operators from X to Y equipped with the p-summing norm πp, Ip(X, Y )
denotes the space of all p-integral operators from X to Y equipped with the p-integral
2
norm ip and Np(X, Y ) denotes the space of all p-nuclear operators from X to Y equipped
with the p-nuclear norm νp. We recall that if 1 ≤ p ≤ ∞ then an operator T is said
to factor through Lp if it admits a factorization T = BA, where A ∈ B(X,Lp(µ)) and
B ∈ B(Lp(µ), Y ) for some measure µ and we denote the space of all operators from X to
Y , which factor through Lp by Γp(X, Y ). If T ∈ Γp(X, Y ) we define
γp(T ) = inf{‖A‖‖B‖ | T = BA, A and B as above},
γp is a norm on Γp(X, Y ) turning it into a Banach space. All these spaces are operator
ideals and we refer to the above mentioned books and [13], [24] and [14] for further details.
To avoid misunderstanding we stress that in this paper a p-integral operator T from X to
Y has a p-integral factorization ending in Y with ip(T ) defined accordingly; in some books
this is referred to as a strictly p-integral operator.
In the formulas below we shall, as is customary, interpret π∞ as the operator norm and
i∞ as the γ∞-norm.
If n ∈ N and T ∈ B(ℓn2 , X) then following [31] we define the ℓ-norm of T by
ℓ(T ) =
( ∫
Rn
‖Tx‖2dγ(x)
) 1
2
where γ is the canonical Gaussian probability measure on ℓn2 .
A Banach space X is said to have the Gordon-Lewis property (abbreviated GL) [7] if
every 1-summing operator from X to an arbitrary Banach space Y factors through L1. It
is easily verified that X has GL if and only if there is a constant K so that γ1(T ) ≤ Kπ1(T )
for every Banach space Y and every T ∈ X∗⊗Y . In that case GL(X) denotes the smallest
constant K with this property.
We shall say that X has GL2 if it has the above property with Y = ℓ2 and we define
the constant gl(X) correspondingly. An easy trace duality argument yields that GL and
GL2 are self dual properties and that GL(X) = GL(X
∗), gl(X) = gl(X∗) when applicable.
It is known [7] that every Banach space with local unconditional structure has GL.
If E is a Banach space with a 1-unconditional basis (en) and (Xn) is a sequence of
Banach spaces then we put
( ∞∑
n=1
Xn
)
E
= {x ∈
∞∏
n=1
Xn |
∞∑
n=1
‖x(n)‖en converges in E}
3
and if x ∈
(∑∞
n=1Xn
)
E
we define
‖x‖ =
∥∥∥ ∞∑
n=1
‖x(n)‖en
∥∥∥
thus defining a norm on (
∑∞
n=1Xn)E turning it into a Banach space. If Xn = X for all
n ∈ N we put E(X) = (∑∞n=1Xn)E .
If (Yn) is another sequence of Banach spaces and Tn ∈ B(Xn, Yn) for all n ∈ N with
supn ‖Tn‖ < ∞ then we define the operator ⊕∞n=1Tn :
(∑
nXn
)
E
→
(∑∞
n=1 Yn
)
E
by(
⊕∞n=1 Tn
)
(x) = (Tnx(n)). Clearly ‖ ⊕∞n=1 Tn‖ ≤ supn ‖Tn‖.
We shall need a “continuous” version of the above direct sums so hence let X be a
Banach space and L a Banach lattice. If
∑n
j=1 xj ⊗ yj ∈ X ⊗ L then it follows from [18,
Section I d)] that sup‖x∗‖≤1
∣∣∣ ∑nj=1 x∗(xj)yj
∣∣∣ exists in L and we put
∥∥∥ n∑
j=1
xj ⊗ yj
∥∥∥
m
=
∥∥∥ sup
‖x∗‖≤1
∣∣∣ n∑
j=1
x∗(xj)yj
∣∣∣∥∥∥
and define L(X) to be the completion of X ⊗ L equipped with the norm ‖ · ‖m. Spaces of
that type was originally defined and investigated by Schaefer [29]; we refer to [10] for the
properties of L(X) needed in this paper.
If n ∈ N and X is an n-dimensional Banach space then we shall identify X with
(Rn, ‖ · ‖X) by choosing a fixed basis of X and identifying it with the unit vector basis of
R
n, and BX will denote the unit ball of X . Hence if B ⊆ X is a Borel set we can define
the volume |B| of B as the Lebesgue measure of B considered as a subset of Rn. The
volume function thus defined is uniquely determined up to a constant only depending on
the chosen basis.
Let X and Y be n-dimensional Banach spaces and let (xj)
n
j=1, respectively (y
∗
j ) be fixed
bases of X , respectively Y ∗. If T ∈ B(X, Y ) then we define the determinant of T by
det T = det{y∗j (Txi)}.
Up to a constant depending only on the chosen bases det T is uniquely determined.
In the sequel, if Xk 1 ≤ k ≤ m are nk-dimensional spaces with fixed chosen bases and
n =
∑m
n=1 nk then we shall always identify
∏m
n=1Xk with R
n via the canonical basis of the
product.
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If X is a Banach space and E is an n-dimensional Banach space then we define the
volume ratio vr(E,X), [6], [8] by
vr(E,X) = inf
{( |BE |
|T (BX)|
) 1
n | T ∈ B(X,E), ‖T‖ ≤ 1
}
.
When X = ℓ∞, vr(E, ℓ∞) is called the ”zonoid” ratio of E, and when X = ℓ2, vr(E, ℓ2) is
the well known classical volume ratio of E, see e.g. [26], [31] and the references therein.
Similarly,
vr(E, S(X)) = inf
{( |BE |
|T (BF )|
) 1
n | F ⊆ X, dim F = n, T (BF ) ⊆ BE
}
.
When X = ℓp we set Sp = S(ℓp).
Finally, if X and Y are Banach spaces and T ∈ B(X, Y ) then we define the n-th volume
number vn(T ) by
vn(T ) = sup
{( |T (BE)|
|BF |
) 1
n | E ⊆ X, T (E) ⊆ F ⊆ Y, dimE = dimF = n
}
.
If rank(T ) < n we put vn(T ) = 0. Volume numbers or similar notions were discussed by
[4], [20], [22], [26] and [31]. The main results on volume numbers we are going to use here
can be found in [6].
1 The GL Property and Related Invariances
We start with the following definition
Definition 1.1 If 1 ≤ p, q ≤ ∞ then a Banach space X is said to have GL(p, q) if there
exists a constant C so that for all Banach spaces Z and every T ∈ Z∗ ⊗X we have
iq(T ) ≤ Cπp(T ∗). (1.1)
If X has GL(p, q) then the smallest constant C which can be used in (1.1) is denoted
by GLp,q(X). If X satisfies the condition of Definition 1.1 for Z = ℓ2 then we shall say that
X has gl(p, q) and define the constant glp,q(X) correspondingly. It was proved in Corollary
(3.12) (I) [6] that if X is a finite-dimensional Banach space, 1 ≤ p, q ≤ ∞, and 1
p
+ 1
p′
= 1
5
then
vr(X, ℓq)vr(X
∗, ℓp′) ≤ πe
2
glp,q(X).
By factoring a given finite rank operator with range in X through its kernel it is readily
seen that it is enough to consider finite dimensional spaces Z in Definition 1.1.
By trace duality arguments it is readily verified that if a Banach space X has GL(p, q)
then X∗ has GL(q′, p′), and hence X∗∗ has GL(p, q) as well. The other direction is part of
the next lemma.
Lemma 1.2 Let 1 ≤ p, q ≤ ∞ and let X be a Banach space. If a subspace Y of X∗∗
containing X has GL(p, q) then X has it as well with
GLp,q(X) ≤ GLp,q(Y ).
Proof: Let Z be a finite dimensional Banach space, T ∈ Z∗ ⊗ X and ε > 0 arbitrary.
Let I denote the identity operator of X into Y . Choose a finite dimensional subspace F ,
IT (Z) ⊆ F ⊆ Y , so that ε + iq(IT ) ≥ iq(IT : Z → F ). The principle of local reflexivity
[11], [16], gives an isomorphism V : F → X with ‖V ‖ ≤ 1+ε and V x = x for all x ∈ F ∩X .
Since V IT = T we obtain
iq(T ) ≤ ‖V ‖iq(IT : Z → F )
≤ (1 + ε)iq(IT ) + (1 + ε)ε
≤ (1 + ε)GLp,q(Y )πp(T ∗I∗) + (1 + ε)ε
≤ (1 + ε)πp(T ∗) + (1 + ε)ε.
Since ε was arbitrary this shows that X has GL(p, q) with GLp,q(X) ≤ GLp,q(Y ). 
It follows immediately that X has GL(∞, q) for some q, 1 ≤ q < ∞ (or dually has
GL(p, 1) for some p, 1 ≤ p < ∞) if and only if it is finite dimensional. Obviously, since
the GL-property is self-dual, X has GL if and only if it has GL(1,∞).
The next theorem which is the result of the work of several authors, [11], [14], [16] and
[21], describes the situation for the remaining values of p and q.
Theorem 1.3 If X is a Banach space, 1 ≤ p, q ≤ ∞, then the following statements hold:
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(i) If X has GL(p, q) then X has GL, X is of cotype max(q, 2) and X∗ is of cotype
max(p′, 2). If q <∞ and 1 < p <∞, then X is of type min(2, p).
(ii) If X has GL, 2 ≤ q <∞ and B(L∞, X) = Πq(L∞, X) then X has GL(1, q).
(iii) If X has GL and is of type p-stable for some p, 1 < p ≤ 2, then there is a q,
1 ≤ q <∞ so that X has GL(p, q).
(iv) If 1 < p <∞ then X has GL(p, p) if and only if X is either a Lp-space or isomorphic
to a Hilbert space.
(v) If 1 < q < p < ∞ then X has GL(p, q) if and only if X is isomorphic to a Hilbert
space.
(vi) X has GL(∞,∞) (respectively X has GL(1, 1)) if and only if it is a L∞-space (re-
spectively a L1-space).
(vii) If X is a p-convex and q-concave Banach lattice then X has GL(p, q) with GLp,q(X) ≤
Kp(X)Kq(X).
Proof:
(i) Assume that X has GL(p, q). If T ∈ Y ∗ ⊗X then
γ1(T
∗) = γ∞(T ) ≤ iq(T ) ≤ GLp,q(X)πp(T ∗) ≤ GLp,q(X)π1(T ∗)
and hence X∗ and therefore also X has GL.
If q is finite then X has property (Sq) of [3] and is therefore of cotype max(q, 2) by
Theorem 1.3 there. Since X∗ has GL(q′, p′) it is of cotype max(p′, 2).
If q < ∞ and 1 < p < ∞, then both X and X∗ are of finite cotype and since
in addition X has GL it follows e.g. from [3, Theorem 1.9] that X is K-convex.
Therefore X has type min(p, 2).
(ii) Assume that X has GL and Πq(L∞, X) = B(L∞, X) for some q, 2 ≤ q < ∞ with
K-equivalence between the norms and let C be the GL-constant of X .
Let Z be an arbitrary finite dimensional Banach space and T ∈ Z∗ ⊗ X . Since X
and hence also X∗ has GL with constant C, there exists a measure µ and operators
A ∈ B(X∗, L1(µ)), B ∈ B(L1(µ), Z∗) with T ∗ = BA and ‖A‖‖B‖ ≤ Cπ1(T ∗).
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Let ε > 0 be arbitrary. Using the local properties of L∞(µ) we can find a finite
dimensional subspace E ⊆ L∞(µ) with d(E, ℓdimE∞ ) ≤ 1 + ε and B∗(Z) ⊆ E, and
hence iq(A
∗
|E) ≤ (1 + ε)πq(A∗|E). By the principle of local reflexivity there is an
isomorphism V : A∗(E)→ X so that ‖V ‖ ≤ 1+ε and V x = x for all x ∈ A∗(E)∩X .
Since clearly T = V A∗|EB
∗ we obtain
iq(T ) ≤ (1 + ε)2‖B‖πq(A∗|E) ≤ K(1 + ε)2‖A‖‖B‖ ≤ KC(1 + ε)2π1(T ∗)
and hence X has GL(1, q).
(iii) Let X have GL and be of type p-stable for some p, 1 < p ≤ 2. By [21] πp′(L∞, X∗) =
B(L∞, X∗) and X is of finite cotype so that there is a finite q with B(L∞, X) =
πq(L∞, X). The first statement implies that Π1(X∗, Z) = Πp(X∗, Z) for any Banach
space Z and therefore X has GL(p, q) by (ii).
(iv) Let 1 < p < ∞. By [14] X has GL(p, p) if and only if X is isomorphic to a com-
plemented subspace of an Lp-space, or equivalently [16] if and only if either X is a
Lp-space or isomorphic to a Hilbert space.
(v) Let 1 < q < p < ∞. Since q > 1 it follows from [3, Proposition 0.3] and its proof
that there is a universal constant c so that if Z is a Banach space and T ∈ Z∗ ⊗ ℓ2
then 1
c
√
q
iq(T ) ≤ ℓ(T ∗) ≤ c√p πp(T ∗). This gives that ℓ2 has GL(p, q).
If X has GL(p, q) then it has both GL(p, p) and GL(q, q) and hence it follows from
(iv) that X is isomorphic to a Hilbert space.
(vi) Assume that X is a L∞,λ-space and let T ∈ Z∗⊗X , where Z is an arbitrary Banach
space. By definition, there is a finite dimensional subspace E ⊆ X with d(E, ℓdimE∞ ) ≤
λ and T (Z) ⊆ E. Hence γ∞(T ) ≤ λ||T || and X has GL(∞,∞).
Assume next that X has GL(∞,∞). By using trace duality twice, we obtain that the
identity operator of X∗∗ factors through an L∞- space and is therefore isomorphic to
a complemented subspace of an L∞-space. It follows from [16] that X∗∗ and hence
X is L∞-space.
By Lemma 1.2 X has GL(1, 1) if and only if X∗ has GL(∞,∞) and the result follows
by noting that X is a L1-space if and only if X∗ is a L∞-space.
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(vii) Let Y be an arbitrary Banach space and T ∈ Y ∗ ⊗ X . From [10, Theorem 1.3]
or [12] it follows that there exists a factorization T = BA, where A ∈ B(Y, L∞),
B ∈ B(L∞, X), B ≥ 0 and ‖A‖‖B‖ ≤ Kp(X)πp(T ∗). By a theorem of Maurey,
see e.g. [18, Theorem 1.d.10], B is q-summing, with iq(B) = πq(B) ≤ Kq(X)‖B‖.
Hence, iq(T ) ≤ ‖A‖iq(B) ≤ Kp(X)Kq(X)πp(T ∗). The case p = 1, q = ∞ was first
proved in [7], the general formula is contained in [12] up to trace duality.

In the rest of this section we let E denote a Banach space with a normalized 1-
unconditional basis (ej) and biorthogonal system (e
∗
j). Our first result is a generalization
of [3, Theorem 1.18].
Theorem 1.4 Let (Xn) be a sequence of Banach spaces, Z a Banach space, 1 ≤ p ≤ ∞
and T : (
∑∞
n=1Xn)E → Z a p-summing operator. Put Tn = T|Xn for all n ∈ N.
If E∗ is p-convex then for all m ∈ N
∥∥∥ m∑
j=1
πp(Tj)e
∗
j
∥∥∥ ≤ Kp(E∗)πp(T ). (1.2)
If, in addition, (e∗j) is boundedly complete or
∑∞
n=1 Tn converges to T in the p-summing
norm, then
∑∞
j=1 πp(Tj)e
∗
j converges in E
∗ and
∥∥∥ ∞∑
j=1
πp(Tj)e
∗
j
∥∥∥ ≤ Kp′(E)πp(T ). (1.3)
Proof: It is obvious that (1.2) implies (1.3) under the additional assumptions, so let us
concentrate on (1.2).
Let ε > 0 be given arbitrarily. For every n ∈ N we can choose a finite set σn ⊆ N and
{xi(n) | i ∈ σn} ⊆ Xn so that
πp(Tn)
p ≤ ∑
i∈σn
‖Txi(n)‖p + ε · 2−n, (1.4)
sup
{ ∑
i∈σn
|x∗(xi(n))|p | x∗ ∈ X∗n, ‖x∗‖ ≤ 1
}
≤ 1. (1.5)
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For every sequence (αn) ⊆ R+ ∪ {0} and every m ∈ N we obtain:
m∑
n=1
αnπp(Tn)
p ≤
m∑
n=1
∑
i∈σn
‖T (α1/pn xi(n)‖p + ε
≤ πp(T )p sup
{ m∑
n=1
αn
∑
i∈σn
|〈x∗(n), xi(n)〉|p | x∗ ∈
( ∞∑
n=1
X∗n
)
E∗
, ‖x∗‖ ≤ 1
}
+ ε
≤ πp(T )p sup
{ m∑
n=1
‖x∗(n)‖pαn
∑
i∈σn
|
〈 x∗(n)
‖x∗(n)‖ , xi(n)
〉
|p | x∗ ∈
( ∞∑
n=1
X∗n
)
E∗
, ‖x∗‖ ≤ 1
}
+ ε
≤ πp(T )p sup
{ m∑
n=1
‖x∗(n)‖pαn | x∗ ∈
( ∞∑
n=1
X∗n
)
E∗
, ‖x∗‖ ≤ 1
}
+ ε. (1.6)
Let E∗(p) denote the p-concavification of E
∗ (see [18] for details). If in (1.6) we take the
supremum over all sequences (αn) ∈ (E∗(p))∗ with ‖(αn)‖ ≤ 1 and let ε→ 0 we get
‖
m∑
n=1
πp(Tn)e
∗
n‖p ≤ (Kp(E∗))pπp(T )p (1.7)
which is (1.2). 
By the trace duality between the p′-integral and the p-summing norms we obtain with
the same notation as in Theorem 1.4:
Corollary 1.5 Let E be q-concave for some q, 1 ≤ q ≤ ∞, S ∈ B(Z, (∑∞j=1Xj)E) and
denote by Pn : (
∑∞
j=1Xj)E → Xn the canonical projection for all n ∈ N.
If
∑∞
n=1 iq(PnS)en converges in E then
iq(S) ≤ Kq(E)‖
∞∑
n=1
iq(PnS)en‖E . (1.8)
The analogous result holds for q-nuclear operators.
Proof: Let ε > 0 be arbitrary. For every n ∈ N we can find a measure µn, An ∈
B(Z, Lq(µn)) and Bn ∈ B(Lq(µn), Xn) so that iq(An) ≤ iq(PnS) + ε · 2−n, ‖Bn‖ ≤ 1 and
PnS = BnAn.
Let m ∈ N and consider the q-integral operator ∑mn=1An : Z → (∑mn=1 Lq(µn))E. By
trace duality [23] we can find a q′-summing operator W : (
∑m
n=1Lq(µn))E → Z with
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πq′(W ) = 1 so that with Wn =W|Lq(µn) we have
iq(
m∑
n=1
An) ≤
m∑
n=1
tr(WAn) + ε ≤
m∑
n=1
πq′(Wn)iq(An) + ε
≤ ‖
m∑
n=1
πq′(Wn)e
∗
n‖(‖
m∑
n=1
iq(PnS)en‖+ ε) + ε
≤ Kq(E)‖
m∑
n=1
iq(PnS)en‖+ ε(Kq(E) + 1) (1.9)
where we have used Theorem 1.4 to get the last inequality.
Formula (1.9) shows that
∑∞
n=1An converges in the q-integral norm to an operator
A : Z → (∑∞n=1 Lq(µ))E with
iq(A) ≤ Kq(E)‖
∞∑
n=1
iq(PnS)en‖+ ε(1 +Kq(E)). (1.10)
The operator B = ⊕∞n=1Bn : (
∑∞
n=1 Lq(µn))E → (
∑∞
n=1Xn)E is clearly bounded with
‖B‖ ≤ 1 and S = BA. Hence S is q-integral with
iq(S) ≤ Kq(E)‖
∞∑
n=1
iq(PnS)en‖. (1.11)
The statement on q-nuclear operators can be proved in a similar manner or by duality. 
The next theorem was originally proved by Reisner [27] using other methods; we can
also obtain it directly from Theorem 1.3 and Corollary 1.5.
Theorem 1.6 Let 1 ≤ p ≤ q ≤ ∞ and let (Xn) be a sequence of Banach spaces all having
GL(p, q) with M = sup{GLp,q(Xn) | n ∈ N} < ∞. If E is p-convex and q-concave then
(
∑∞
n=1Xn)E has GL(p, q) with
GLp,q((
∞∑
n=1
Xn)E) ≤MKp(E)Kq(E). (1.12)
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Proof: Let Z be an arbitrary Banach space and T ∈ Z∗ ⊗ (∑∞n=1Xn)E. Put S =
T ∗|(
∑
∞
n=1
X∗n)E∗
. From Theorem 1.4 and Corollary 1.5 we obtain
iq(T ) ≤ Kq(E)‖
∞∑
n=1
iq(PnT )en‖
≤ MKq(E)‖
∞∑
n=1
πp(T
∗P ∗n)en‖ ≤MKp(E)Kq(E)πp(S)
≤ MKp(E)Kq(E)πp(T ∗), (1.13)
from which the statement directly follows. 
The case p = 1 and q =∞ gives:
Corollary 1.7 If (Xn) is a sequence of Banach spaces all having GL withM = sup{GL(Xn) |
n ∈ N} <∞ then (∑∞n=1Xn)E has GL with
GL((
∞∑
n=1
Xn)E) ≤M. (1.14)
We now wish to generalize Theorem 1.6 and its corollary to the space L(X), where L
is a Banach lattice and X a Banach space. For this we need the following lemma on p-
summing norms which might also be useful in other situations. Before we state it we need
a little notation: If X and Y are Banach spaces, T ∈ X∗⊗Y and F is a finite dimensional
subspace of Y with T (X) ⊆ F then TF denote the operator T considered as an operator
from X to F .
Lemma 1.8 Let X and Y be Banach spaces and T ∈ X∗ ⊗ Y . If 1 ≤ p ≤ ∞ and
F is an upwards directed set of finite dimensional subspaces all containing T (X) with
∪{F | F ∈ F} = Y , then
lim
F∈F
πp(T
∗
F ) = πp(T
∗). (1.15)
Proof: We can without loss of generality assume that X is finite dimensional and let us
also assume that 1 ≤ p <∞; the case p =∞ is easier and left to the reader.
The net (πp(T
∗
F )) is non-negative and decreasing and hence convergent to α, say; clearly
πp(T
∗) ≤ α.
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Let now ε > 0 be arbitrary. Since rank(T ∗F ) = rank(T
∗) for all F it follows from [5,
Theorem 5 and its proof] that we can find an m independent of F , so that πp(T
∗
F ) can
be computed up to ε using m vectors from F ∗. Hence for every F ∈ F we can find
{x∗j,F | 1 ≤ j ≤ m} ⊆ X∗ so that
‖x∗j,F‖ < 1 for all 1 ≤ j ≤ m (1.16)
m∑
j=1
|x∗j,F (x)|p < 1 for all x ∈ F, ‖x‖ ≤ 1 (1.17)

 m∑
j=1
‖T ∗x∗j,F‖p


1/p
≥ πp(T ∗F )− ε. (1.18)
(1.16) gives that there is a subnet (x∗j,F ′) and an x
∗
j ∈ X∗ so that (x∗j,F ′) converges w∗ to x∗j
for all j, 1 ≤ j ≤ m. Since ∪F∈FF = Y , (1.17) gives that ∑mj=1 |x∗j (x)|p ≤ 1 for all x ∈ Y ,
‖x‖ ≤ 1.
From the w∗-continuity of T ∗ it follows that (T ∗x∗j,F ′) converges w
∗ to T ∗x∗j and therefore
also in norm, since X is finite dimensional. Hence going to the limit in (1.18) we get
πp(T
∗) ≥

 m∑
j=1
‖T ∗x∗j‖p


1/p
≥ α− ε
which implies that πp(T
∗) ≥ α, since ε was arbitrary. 
We are now able to prove:
Theorem 1.9 Let 1 ≤ p ≤ q ≤ ∞ and let X be a Banach space with GL(p, q). If L is a
p-convex and q-concave Banach lattice then L(X) has GL(p, q) with
GLp,q(L(X)) ≤ GLp,q(X)Kp(L)Kq(L) (1.19)
Proof: If the statement of the theorem has been proved for order complete Banach lattices,
then since L∗∗ is order complete and L(X) ⊆ L∗∗(X) ⊆ L(X)∗∗ it follows from Lemma 1.2
that L(X) has GL(p, q). It is therefore no restriction to assume that L is order complete.
Let Z be a Banach space, T ∈ Z∗ ⊗ L(X) with ‖T‖ ≤ 1 and ε > 0 arbitrary. From
Lemma 1.8 it follows that there is an n ∈ N and an n dimensional subspace F ⊆ L(X) so
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that T (Z) ⊆ F and
πp(T
∗
F ) ≤ πp(T ∗) + ε. (1.20)
Let (uj)
n
j=1 be an Auerbach basis, [17], of F with biorthogonal system (u
∗
j) ⊆ F ∗. By [10,
Lemma 2.15], and the order completeness of L there is anm ∈ N, a set {ei | 1 ≤ i ≤ m} ⊆ L
consisting of mutually disjoint positive vectors of norm 1 and {vj | 1 ≤ j ≤ n} ⊆ [ei](X) =
Y (naturally considered as a subspace of L(X)) so that
‖uj − vj‖ ≤ ε
n
for all 1 ≤ j ≤ n. (1.21)
If S =
∑n
j=1 u
∗
j ⊗ vj : F → Y , then for all u ∈ F we have
‖u− Su‖ ≤
n∑
j=1
‖u∗j‖‖uj − vj‖ ≤ ε. (1.22)
Considering T − ST as an operator from Z to L(X) it has the representation
T − ST =
n∑
j=1
T ∗Fu
∗
j ⊗ (uj − vj) (1.23)
and therefore
ν1(T − ST ) ≤
n∑
j=1
‖T ∗Fu∗j‖‖uj − vj‖ ≤ ε. (1.24)
Applying Theorem 1.6 and the previous inequalities we obtain
iq(T ) ≤ iq(ST ) + iq(T − ST ) ≤ iq((ST )Y ) + ν1(T − ST )
≤ GLp,q(X)Kp(L)Kq(L)πp((ST )∗Y ) + ε
≤ GLp,q(X)Kp(L)Kq(L)‖S‖πp(T ∗F ) + ε
≤ GLp,q(X)Kp(L)Kq(L)(1 + ε)(πp(T ∗) + ε) + ε. (1.25)
From (1.25) we conclude that L(X) has GL(p, q) and since ε was arbitrary (1.19) follows. 
As a corollary we obtain
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Corollary 1.10 Let X be a Banach space with GL and L a Banach lattice. Then L(X)
has GL with
GL(L(X)) = GL(X).
2 Volume Ratios of Direct Sums of Banach Spaces
In this section we shall use the results of Section 1 to compute volume ratios of certain
direct sums of finite dimensional Banach spaces. Throughout the section we let m ∈ N,
nk ∈ N for all 1 ≤ k ≤ m, let E denote an m dimensional Banach space with a normalized
1-unconditional basis (ek)
m
k=1 and biorthogonal system (e
∗
k)
m
k=1 and letXk and Yk be Banach
spaces with dimXk = dimYk = nk for all 1 ≤ k ≤ m; put n = ∑mk=1 nk, X = (∑mk=1Xk)E
and Y =
(∑m
k=1 Yk
)
E
. We wish to compute vr(X, ℓp) for 1 < p ≤ ∞, but before we can do
that we need a few lemmas.
Lemma 2.1
|BX |
|BY | =
m∏
k=1
|BXk |
|BYk |
Proof: We will iteratively interchange the Xk’s by the Yk’s. So, we define Zm−1 =
(
∑m−1
k=1 Xk ⊕ Ym)E. By choosing a basis in each of the involved spaces we may identify
Xk, Yk respectively X, Y, Zm−1 with Rnk respectively Rn in a canonical manner. Then we
define r : Rm−1 → R by
r(t1, t2, . . . , tm−1) = inf{t ∈ R | ‖
m−1∑
j=1
tjej + tem‖X = 1} for all (t1, t2, . . . , tm−1) ∈ Rm−1.
(2.1)
For every xk ∈ Xk, 1 ≤ k ≤ m− 1 we put
A(x1, x2, . . . , xm−1) = r(‖x1‖X1 , ‖x2‖X2 , . . . , ‖xm−1‖Xm−1)BXm (2.2)
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and consider Rn =
∏m
k=1R
nk . With this notation we obtain
|BX | =
∫
Rnm
· · ·
∫
Rn1
1BX (x1, . . . , xm)dx1 . . . dxm
=
∫
R
nm−1
· · ·
∫
R
n1
[ ∫
Rnm
1A(x1,...,xm−1)(xm)dxm
]
dx1 . . . dxm−1
= |BXm |
∫
R
nm−1
· · ·
∫
Rn1
r(‖x1‖X1 , . . . , ‖xm−1‖Xm−1)dx1 . . . dxm−1 (2.3)
Using the same calculation for Zm−1 in (2.3) we get
|BZm−1 | = |BYm |
∫
R
nm−1
· · ·
∫
Rn1
r(‖x1‖X1 , . . . , ‖xm−1‖Xm−1)dx1 . . . dxm−1
and hence:
|BX | = |BZm−1|
|BXm |
|BYm|
. (2.4)
The result now follows by iterating (2.4). 
Lemma 2.2 Let 1 ≤ p <∞ and for every 1 ≤ k ≤ m let Tk ∈ X∗k ⊗ ℓ2. If T =
⊕m
k=1 Tk ∈
X∗ ⊗ ℓm2 (ℓ2) then
πp(T ) ≤ c√p
∥∥∥ m∑
k=1
πp(Tk)e
∗
k
∥∥∥ ≤ c√p Kp′(E)πp(T ) (2.5)
where c is a universal constant.
Proof: The right hand side inequality (2.5) is formula (1.2). If 2 < p then it follows from
Maurey’s extension theorem [19] that every p-summing operator from an arbitrary Banach
space to ℓ2 is already 2-summing and π2(T ) ≤ c√p πp(T ) (see e.g. [25]). Therefore it
suffices to prove (2.5) for 1 ≤ p ≤ 2.
By the factorization theorem of Pietsch (see e.g. [17]) we can for every 1 ≤ k ≤ m find
a Radon probability measure µk on BX∗
k
so that for every xk ∈ Xk,
‖Tkxk‖ ≤ πp(Tk)
( ∫
BX∗
k
|x∗k(xk)|pdµk(x∗k)
) 1
p .
16
Put B =
∏m
k=1BX∗k , µ =
∏m
k=1 µk and τ =
∥∥∥∑mk=1 πp(Tk)e∗k∥∥∥ and let (rk) denote the sequence
of Rademacher functions on [0, 1]. Since (e∗k) is 1-unconditional the function f defined by
f(t, x∗) = τ−1(rk(t)πp(Tk)x∗k)
m
k=1 for all t ∈ [0, 1] and all x∗ = (x∗k) ∈ X∗ maps [0, 1]×B into
BX∗ and hence dν = [dt×dµ]◦f−1 is a probability measure on BX∗ (actually concentrated
on the sphere).
Since the cotype 2 constant of Lp(µ) is majorized by
√
2 for 1 ≤ p ≤ 2 (the constant in
Khintchine’s inequality for p = 1, see [9] and [30]), the following inequalities hold for every
x = (xk) ∈ X (putting x∗ = (x∗k) ∈ X∗):
‖Tx‖ =
( m∑
k=1
‖Tkxk‖2
) 1
2 ≤
[ m∑
k=1
πp(Tk)
2
( ∫
B
|x∗k(xk)|pdµ(x∗)
) 2
p
] 1
2
≤
√
2
( ∫ 1
0
∫
B
∣∣∣ m∑
k=1
rk(t)πk(Tk)x
∗
k(xk)
∣∣∣pdµ(x∗)dt) 1p
=
√
2 τ
( ∫
BX∗
|x∗(x)|pdν(x∗)
) 1
p . (2.6)
This shows that T is p-summing with πp(T ) ≤ c√p τ for all 1 ≤ p <∞. 
Lemma 2.3 For every 1 ≤ k ≤ m there exist αk ≥ 0, βk ≥ 0 so that
∥∥∥ m∑
k=1
αke
∗
k
∥∥∥ = 1 = ∥∥∥ m∑
k=1
βkek
∥∥∥
and
m∏
k=1
(αnkk β
nk
k n
−nk
k ) ≥ n−n.
Proof: Consider the space Z =
(∑m
k=1 ℓ
nk
1
)
E∗
with its canonical 1-unconditional basis.
Applying a result of Lozanovskii [15] on 1-unconditional bases (see Corollary 3.4 in [26])
to Z we see that there exist numbers τjk ≥ 0 and σjk ≥ 0 for 1 ≤ k ≤ m and 1 ≤ j ≤ nk
so that if Dτ : ℓ
n
∞ → Z, respectively Dσ : Z → ℓn1 are the diagonal operators determined
by (τjk), respectively (σjk), then:
‖Dτ‖ = 1 = ‖Dσ‖; DτDσ = 1
n
idZ . (2.7)
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If we for every 1 ≤ k ≤ m define
αk =
nk∑
j=1
τjk; βk = max
1≤j≤nk
σjk, (2.8)
then
∥∥∥ m∑
k=1
αke
∗
k
∥∥∥ = ‖Dτ‖ = 1 = ‖Dσ‖ = ∥∥∥ m∑
k=1
βkek
∥∥∥. (2.9)
From (2.7) we obtain for all 1 ≤ k ≤ m:
1
n
=
( k∏
j=1
σjkτjk
) 1
nk ≤ 1
nk
( nk∑
j=1
τjk
)
sup
1≤j≤nk
σjk =
1
nk
αkβk (2.10)
and hence
n−n ≤
m∏
k=1
(αnkk β
nk
k n
−nk
k ). (2.11)

Our next lemma follows from [2] and Lemma 2.3.
Lemma 2.4 There is a universal constant c > 0 so that if Tk ∈ X∗k ⊗ ℓnk2 , αk is as in
Lemma 2.3 for 1 ≤ k ≤ m and T = ⊕mk=1αkTk : X → ℓn2 , then
cn
m∏
k=1
nnkk |Tk(BXk)| ≤ nn|T (BX)|. (2.12)
Proof: Let {σjk | 1 ≤ j ≤ nk, 1 ≤ k ≤ m}, βk for 1 ≤ k ≤ m and Z be defined as in the
proof of Lemma 2.3 and let εjk = ±1 for 1 ≤ j ≤ nk, 1 ≤ k ≤ m. If {fjk | 1 ≤ j ≤ nk, 1 ≤
k ≤ m} denotes the canonical basis of Z∗ and B : ℓn2 → Z∗ is the diagonal operator defined
by (σjk), then it follows from [2, Corollary 1.4(e)] that there is a universal constant d > 0
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so that
d
(∏m
k=1 β
nk
k
|BZ∗|
) 1
n
= d
(
det(B)
|BZ∗|
) 1
n
≤ Aveε
∥∥∥ m∑
k=1
nk∑
j=1
εjkσjkfjk
∥∥∥
Z∗
=
∥∥∥ m∑
k=1
nk∑
j=1
σkjfjk
∥∥∥
Z∗
=
∥∥∥ m∑
k=1
βkek
∥∥∥ = 1 (2.13)
and hence
dn
m∏
k=1
βnkk ≤ |BZ∗|. (2.14)
From Lemma 2.1, Lemma 2.3 and (2.14) we now obtain:
|T (BX)| = |BX || det(T )| = |BX |
m∏
k=1
αnkk | det(Tk)|
= |BZ∗|
( m∏
k=1
αnkk | det(Tk)||BXk |
)
·
( m∏
k=1
|Bℓnk∞ |
)−1
≥ 2−ndn
m∏
k=1
nnkk |Tk(BXk)| ·
m∏
k=1
αnkk n
−nk
k β
nk
k
≥ 2−ndnn−n
m∏
k=1
nnkk |Tk(BXk)| (2.15)
which is (2.12) with c = d
2
. 
Theorem 2.5 Let 1 ≤ r, p ≤ ∞. There is a universal constant C so that if Y is a finite
dimensional quotient of a Banach space Z with gl(r, p) then
max{vr(Y, ℓp), vr(Y ∗, Sr′)} ≤ vr(Y, ℓp)vr(Y ∗, Sr′) ≤ C
√
r′ glr,p(Z). (2.16)
In particular, if Y is a finite-dimensional quotient of a r-convex (1 < r) and p-concave
Banach lattice Z then
vr(Y, ℓp)vr(Y
∗, Sr′) ≤ C
√
r′ Kr(Z)Kp(Z).
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Proof: Let Q : Z → Y be a quotient map, put n = dim Y and let S ∈ Y ∗⊗ℓn2 be arbitrary.
It follows from [6, Theorem 3.10 i)] that
n
1
2 vn(S)vr(Y
∗, Sr′) ≤ c
√
r′ πr′(S∗) ≤ c
√
r′ ir′(Q∗S∗)
≤ c
√
r′ glp′,r′(Z
∗)πp′(SQ)
≤ c
√
r′ glr,p(Z)πp′(S). (2.17)
Since (2.17) holds for all S it follows from [6, Theorem 3.7 (ii)] that there is a universal
constant C so that
vr(Y, ℓp)vr(Y
∗, Sr′) ≤ C
√
r′ glr,p(Z)
and apply now Theorem 1.3 (vii). 
Remark: We now note that
vr(Y, ℓp)vr(Y
∗, Sr′) ∼ inf
( |Vr|
|Vp|
) 1
n
where the infimum is taken over all n-dimensional linear quotients Vr of ℓr and Vp of ℓp so
that Vp ⊆ BY ⊆ Vr. Indeed, by definition
vr(Y, ℓp) = inf
{( |BY |
|Vp|
) 1
n | Vp ⊆ BY
}
,
vr(Y ∗, Sr′) = inf
{( |BY ∗|
|T (BSr′ )|
) 1
n | Sr′ ⊆ ℓr′, T (BSr′ ) ⊆ BY ∗
}
.
Now, [T (BSr′ )]
o = W (Bℓr) = Vr for some linear W : ℓr → Rn. By [28] and [1] for any
n-dimensional space X, (|BX ||BX∗|) 1n ∼ 1n , and therefore
vr(Y ∗, Sr′) ∼
( |Vr|
|BY |
) 1
n
where BY ⊆ Vr, hence the result follows.
We are now able to prove:
Theorem 2.6 Let E be a m dimensional Banach space with a normalized 1-unconditional
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basis, let Xk, k = 1, .., m, be nk-dimensional Banach spaces and X = (
∑m
k=1Xk)E. Let
1 < r ≤ p <∞ or r = 1 and p =∞. There is a universal constant c0 > 0 and a constant
C(r, p) so that for n =
∑m
k=1 nk
1
c0 p′
( m∏
k=1
vr(Xk, ℓp)
nk
)1/n
≤ vr(X, ℓp) ≤ c0C(r, p) Kr(E)Kp(E)
( m∏
k=1
vr(Xk, ℓp)
nk
)1/n
(2.18)
where C(r, p) =
√
r′ for 1 < r ≤ p <∞ and C(1,∞) = 1
Proof: Let us first prove the left inequality of (2.18). By [6, Theorem 3.7(ii)] in the case
1 < p ≤ ∞ there is a universal constant A and operators Tk ∈ X∗k ⊗ ℓnk2 with πp′(Tk) = 1
for 1 ≤ k ≤ m so that
A−1vr(Xk, ℓp) ≤ nk|Tk(BXk)|1/nk ≤ A
√
p′ vr(Xk, ℓp). (2.19)
Let αk, 1 ≤ k ≤ m be chosen as in Lemma 2.3 and put T = ⊕mk=1 αkTk. Lemma 2.2 and
Lemma 2.3 now give
πp′(T ) ≤ c
√
p′
∥∥∥ m∑
k=1
αkπp′(Tk)e
∗
k
∥∥∥ = c√p′ ∥∥∥ m∑
k=1
αke
∗
k
∥∥∥ = c√p′ (2.20)
and hence by (2.19), (2.20) and Lemma 2.4 there is a c′ > 0 so that
c′
( m∏
k=1
vr(Xk, ℓp)
nk
)1/n ≤ c′A[ m∏
k=1
(nnkk |Tk(BXk)|)
]1/n
≤ An|T (BX)|1/n ≤ cA2p′ vr(X, ℓp) (2.21)
which shows the left inequality in (2.18).
To prove the right inequality we can by definition find operators Wk ∈ B(ℓp, Xk) for
1 ≤ k ≤ m so that ‖Wk‖ = 1 and
vr(Xk, ℓp) =
( |BXk |
|Wk(Bℓp)|
) 1
nk
. (2.22)
Put for every 1 ≤ k ≤ m Yk = ℓp/W−1k (0), let Qk denote the quotient map of ℓp onto Yk,
define Vk ∈ B(Yk, Xk) so that Wk = VkQk, let Y = (∑mk=1 Yk)E and put V = ⊕mk=1Vk ∈
B(Y,X).
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If S ∈ B(ℓp, Y ) so that ‖S‖ = 1 and ( |BY ||S(Bℓp)|)
1
n = vr(Y, ℓp) then since ‖V ‖ = 1 we get
using Lemma 2.1:
vr(X, ℓp)
n ≤ |BX ||V S(Bℓp)|
= (vr(Y, ℓp))
n |BX |
|BY |
|S(Bℓp)|
|V S(Bℓp)|
= (vr(Y, ℓp))
n| detV |−1
m∏
k=1
|BXk |
|BYk|
= (vr(Y, ℓp))
n| detV |−1
m∏
k=1
|BXk |
|Wk(Bℓp)|
·
m∏
k=1
|Vk(BYk)|
|BYk |
= (vr(Y, ℓp))
n
m∏
k=1
vr(Xk, ℓp)
nk . (2.23)
If p =∞ then Y ∗k is a subspace of an L1-space hence GL(Yk) = GL(Y ∗k ) = 1. It now follows
from Corollary 1.7 that Y has GL as well with GL(Y ) = 1 and hence by the result of [8]
there is a universal constant C so that
1 ≤ vr(Y, ℓ∞)vr(Y ∗, ℓ∞) ≤ Cgl(Y ) = C. (2.24)
If 1 < r ≤ p < ∞ then it follows from Theorem 1.6 that E(ℓp) has GL(r, p) with
GLr,p(E(ℓp)) ≤ Kr(E)Kp(E) (this can also easily be obtained from the fact that E(ℓp)
is an r-convex and p-concave Banach lattice) and the operator Q = ⊕mk=1Qk is readily
seen to be a quotient map of E(ℓp) onto Y . Hence Theorem 2.5 assures the existence of a
universal constant C so that
vr(Y, ℓp) ≤ C
√
r′ Kr(E)Kp(E). (2.25)
Combining (2.23) with (2.24) and (2.25) we obtain the right inequality of (2.18). 
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